A system of two coupled quantum dots entangled through their interaction with a cavity mode, including Förster and exciton-phonon interactions, exhibits violation of Bell's inequality at certain interaction times of these dots with the field mode. The effects of relative positions of these dots in the cavity and exciton-phonon and Förster interaction strengths on the violation of Bell's inequality are discussed.
I. INTRODUCTION
In recent years, considerable progress has been made in the areas of quantum computation and information, [1] [2] [3] which have the potential for doing any computation task exponentially faster than their classical counterparts. The entanglement due to superposition of states in qubits plays the central role in speeding up the performing tasks. The entanglement is quite fragile and could be lost easily due to interaction with environment or the other noise sources. One of the attracting physical systems for quantum information processing in recent years is to have a semiconductor quantum dot ͑QD͒ embedded in a semiconductor microcavity. [4] [5] [6] [7] In QDs, the exciton constitutes an alternate two-level system, which replaces the usual two-level atomic system. However, QDs are very much affected by exciton-phonon interaction [8] [9] [10] during their interaction with photons. The excitons in the QDs have many advantages for the implementation of quantum computations. In order to have some more advantages one can employ cavity-QED techniques for the QDs. [11] [12] [13] [14] For the cavity-QED based QD system, the role of both excitonphonon interaction 11, 12 and exciton-exciton interaction 13 is very important. For the system having more than one QD in the cavity, the coupling and the interactions between QDs become equally important, e.g., the static exciton-exciton dipole coupling that exists when both QDs are excited. Such interactions are capable of producing entangled few-exciton states via ultrafast laser-pulse sequences. 4 Another prominent interaction between two QDs, which is responsible for the transfer of an exciton from one QD to another, is called Förster interaction, which can be used to generate maximally entangled Bell states, GHZ states, 15 quantum teleportation, and optical switching. 16 The effect of exciton-exciton interaction in QD cavity-QED system leading to decoherence ͑which causes spoiling of entanglement͒ becomes very significant for studying the above-mentioned quantum phenomena. The cavity-QED system with two QDs becomes entangled through the cavity mode and exciton interaction. Entanglement is a characteristic of the quantum system, which plays a major role in quantum information processing, quantum communications, and quantum cryptography. Violation of Bell's inequality is a tool to demonstrate entanglement in a quantum system, 17, 18 and here we utilize this tool to observe the evolution of entanglement in the system of coupled QDs. During the interaction, two excitons and the cavity field become correlated and at a later time become separated ͑and vice versa͒ in such a way that it could provide a test of quantum entanglement ͑and local hidden variable theories͒, leading to the violation of the Bell's inequality, which is the motivation of this work.
The rest of the paper is organized as follows. In Sec. II, we give the physical model with theoretical description, where two coupled QDs interact with the quantized cavityfield mode. Section III is devoted to describe the violation of Bell's inequality in the above system. In Sec. IV, calculation of entanglement measure is presented. Some concluding remarks are given in Sec. V.
II. THE MODEL
We consider two coupled QDs ͑situated at some distance from each other͒ resonantly interacting with a single mode cavity field in a high-Q cavity and coupled to common phonon fields. We keep the position of one QD fixed at the peak of the cavity-field mode ͑i.e., at antinode͒ and allow the position of the second dot to be changed. Thus, the separation between QDs is a variable parameter, which determines the coupling strength of the second dot with the electromagnetic field mode of the cavity. Each QD has ground state ͉lϾ and first excited state ͉uϾ ͑the two dots are nearly the same size͒. The Hamiltonian for this system is [11] [12] [13] 
in which the ladder operators S ± ͑j͒ and operators S z ͑j͒ corresponding to two QDs are defined as
Here a͑a † ͒ is the annihilation ͑creation͒ operator of the cavity field having a frequency c . The exciton frequency in the first ͑second͒ QD is d1 ͑ d2 ͒, and g d1 ͑g d2 ͒ corresponds to the single-photon Rabi frequency associated with excitoncavity-field interaction. The Rabi frequencies are sensitive functions of the location of the QDs along the cavity axis. The phonon modes are characterized by operators b k and b k † with frequency k and momentum k. F z is the strength of static exciton-exciton dipole interaction energy, and W is the strength of the Förster interaction. The interaction matrix element k ͑j͒ is given by
where e ͑j͒ and h ͑j͒ ͑j =1,2͒ are associated with the coordinates of the electron and hole in the two QDs, respectively, ⌼ 0 ͑j͒ corresponds to the excitonic wave function, and q e ͑k͒ and q h ͑k͒ define the exciton-phonon interactions. Next, a transformation on the Hamiltonian H can be applied as
where
The expression for the Hamiltonian HЈ can be further simplified to
with
ͪ,
in which
Physically, ⑀ i ͑i =1,2͒ is the self-energy of excitation, and 2⑀ 12 is the exciton-exciton interaction energy arising out of the exciton-phonon interaction between two QDs. 
In Eq. ͑11͒ above, the expression i represents the HuangRye factor of the exciton in the ith QD, s describes the exciton-phonon interaction and its effect on the transfer of the exciton from one quantum state to another, and 12 is defined as the coupling parameter between two excitons arising due to exciton-phonon interaction. Even at zero temperature, we have an effect seen due to quantum lattice fluctuations as a result of strong exciton-phonon interaction. 13 To simplify the problem, we further consider that the coupled QDs are identical in nature such that their wave functions have the same topological profile. 19 By doing so, we can further simplify the quantum-dot parameters, i.e.,
The parameters ⑀ 12 and 12 can be recast into slightly different forms, which take care of their spatial dependence on QD positions defined by r ជ i ͑i =1,2͒:
By including this simplification in the Hamiltonian of Eq. ͑10͒, we obtain
where g j = g jd e −/2 ͑j = 1,2͒,
The system of coupled QDs confined in a cavity is initially prepared in the ground state, and there is one photon in the cavity tossing between these two QDs via the cavity field. To describe the wave function of the system at any time t, we need the following basis vectors: ͉l 1 , l 2 ,1͘, ͉l 1 , u 2 ,0͘, and ͉u 1 , l 2 ,0͘ in which l i ͑u i ͒ ͑i =1,2͒ represents the ground ͑first excited͒ state of the ith quantum dot. The wave function ͉͑t͒͘ at any time is a linear superposition of these basis vectors:
in which d i ͑t͒ ͑i =1-3͒ are complex numbers representing probability amplitudes for the respective basis vectors. The wave function ͉͑t͒͘ does contain a spin part in it but as the spin states of QDs do not take part in the process under consideration, so we have not explicitly included them in the right-hand side of Eq. ͑15͒. Now, we can solve the timedependent Schrödinger equation
By making use of the Hamiltonian H 2 ef f Љ ͓Eq. ͑13͔͒ and the wave function ͉͑t͒͘ ͓Eq. ͑15͔͒, one can write down the equations of motion for the probability amplitudes d i ͑t͒ as
It is well established that the QD samples ͑self-assembled InAs QDs͒ grown by molecular-beam epitaxy typically have a diameter of 40-50 nm and a height of 5 nm. The wavelength of the 1X transitions of the QDs are typically between 925 and 950 nm. The cavity supports a single longitudinal mode in the z direction, making a standing-wave pattern. In order to solve the set of above equations ͓Eq. ͑17͔͒, we can invoke several different physical interesting cases. Case A. Suppose that the two QDs are situated very close to and symmetrically about the antinode of the longitudinal mode sustained in the z direction, then we have g 1 = g 2 = g satisfied in this case due to symmetry consideration as the field seen by the two QDs is more or less the same. Under this physical situation, Eq. ͑17͒ modifies to
Clearly, we have two coupled equations, which can easily be solved. The solution of these coupled equations and the third equation under the arbitrary initial condition is
where d i ͑0͒ ͑i =1-3͒ stand for the initial values of d i ͑t͒ at t = 0. The parameters a and b ͑in which b is a kind of the generalized Rabi frequency͒ are given by
Case B. In this case, the two QDs are situated around the node of the cavity-field mode in such a way that one of the QDs is sitting exactly on the node, giving rise to g 2 = 0, while another one is sitting near it, i.e., slightly far away from the node so that g 1 0. However, we do have a finite Förster interaction between them. For this physical situation, the equations in Eq. ͑17͒ reduce to
The analytic solution of these equations under the condition ⌬ = ⑀ 12 + F z can be easily given as
where the upper ͑lower͒ sign corresponds to d 2 ͑t͒ (d 3 ͑t͒) and the generalized Rabi frequency in this case is given by ⍀
Case C. Finally, we consider another interesting situation where two QDs are also located in the cavity such that they see different field amplitudes to have g 1 g 2 and both g 1 , g 2 Ͼ 0. Also, we assume that the separation of QDs is large enough, and hence the Förster interaction between them becomes very weak in comparison to g 1 and g 2 and can be neglected. Under this case, we obtain ͓from Eq. ͑17͔͒ the following:
The solution of these equations goes as
and the upper ͑lower͒ sign corresponds to d 2 ͑t͒ (d 3 ͑t͒) and the generalized Rabi frequency in this case is defined through the variable X.
III. VIOLATION OF BELL'S INEQUALITY IN COUPLED QD SYSTEM
Bell's inequalities represent an experimental testing ground of the consistency of quantum-mechanical predictions. Several experiments have been carried out over the years to check these Bell's inequalities. The noteworthy experiments performed by Aspect et al., 20 involved the Einstein-Podolsky-Rosen ͑EPR͒ pair of photons from a cascade emission of atomic source, which displayed a violation of the Clauser-Horne-Shimony-Holt ͑CHSH͒ inequality ͑which is a modified version of Bell's inequality͒, 17, 18 in excellent agreement with quantum-mechanical prediction. The essential requirement in such experiments is an EPR state or the entangled quantum state. It is well known that the most spectacular and counterintuitive manifestation of quantum mechanics is the phenomenon of entanglement observed in the composite quantum system. In our system of coupled QDs, the entanglement of initially unentangled states of QDs is created via the cavity field. In order to test Bell's inequality for this system, we calculate the quantum-mechanical mean value of the correlation function
where p ជ and q ជ are unit vectors, which can be suitably chosen according to the requirements of the experiments. P ͑ Q ͒ is Pauli's spin vector for the two-level system. The Bell parameter defined by the expression
is of experimental interest better known as CHSH inequality in the literature, and we will test this inequality in the following for the three cases discussed above. Case A. In this case, we consider both the QDs to be situated near the antinode of the cavity-field mode. We use the wave function ͉͘ as described in Eq. ͑15͒ along with the solution of the probability amplitude coefficients d i ͑t͒ ͑i =1-3͒ given in Eq. ͑19͒ to calculate C͑p ជ , q ជ͒:
in which, for the vectors p ជ and q ជ, the following notations p ជ = ͑x p , y p , z p ͒ and q ជ = ͑x q , y q , z q ͒ are employed.
In order to calculate E͑p ជ , q ជ͒, we use the orientations of vectors p ជ, q ជ, pЈ ជ , and qЈ ជ , as shown in Fig. 1 . For the specific choice of angle = 45°, the Bell parameter E͑p ជ , q ជ͒ is given by
ͪͯ. ͑29͒
The curves for E͑p ជ , q ជ͒ are plotted in Fig. 2 for several choices of parameters a and b. In this problem, the Schmidt basis of perfectly correlated states do not exist, so Bell's inequality is not violated for all of the times. 18 It is valid for certain times and violated for some other times. In Fig. 2 , curve A represents the situation when a = 0. The expression for a, as defined in Eq. ͑20͒, is a linear combination of four parameters W F , ⌬, ⑀ 12 , and F z . For a = 0, either W F = ⌬ = ⑀ 12 = F z = 0 or the combination of the parametric values W F + ⌬ − ⑀ 12 − F z = 0. In other words, either we do not have any influence on the Förster interaction energy, static dipole interaction energy, energy due to exciton-phonon interaction, and detuning on the system or these various interactions annul the influences of each other. Since the initial state of the system is a product state at t = 0, there is no correlation initially, but as the interaction between cavity field and QDs is turned on, the correlation develops and we do observe violation of Bell's inequality at certain interaction times periodically. The meaning of Bell's inequality violation is when the curve for E͑p ជ , q ជ͒ lies between 2 and 2 ͱ 2 ͑which is the maximal quantum-mechanically allowed value͒. In curves B ͑a = 0.9͒ and C ͑a = 1.4͒, the effect of finite or nonzero value of parameter a is clearly observed. The cycling time interval reduces with increasing a, and the system does not reach the maximally allowed quantum-mechanical value for E͑p ជ , q ជ͒. When we further increase the value of a ͑a = 1.9 in curve D͒, there is no violation of Bell's inequality at any time. Hence, the nonzero values of W F , ⌬, ⑀ 12 , and F z do not allow developing a perfect correlation from the initial product state of the system once the interaction is switched on. Note that the typical values of the system parameters are of the following order: g 1 = g 2 = 3 meV, W = 0.7 meV, ⑀ 12 + F z = 1 meV, = 0.01 meV, 12 = 0.005 meV, ⌬ = 0.3-3.0 meV, etc., and we still observe a violation of Bell's inequality for these values of parameters ͑curves B and C͒, implying practical feasibility to produce entanglements by the QD systems. The real time of periodic entanglement evolution shown in Fig. 2 is of the order of a few picoseconds for such a choice of experimental parameters.
Next, we consider the case of the two QDs, which are initially in an entangled state such that ͉͑0͒͘ = We plot the Bell parameter in Fig. 3 for a = 0, 0.9, 1.4, and 1.9, represented by curves A, B, C, and D, respectively. Since the initial state of the system is a perfectly correlated state, we start with a maximal quantum-mechanically allowed value of E͑p ជ , q ជ͒ for all the curves at t = 0. For a =0 ͑curve A͒, the Bell parameter periodically switches between the values of 0 and 2 ͱ 2 but for the values of a other than 0 ͑e.g., curves B, C, and D͒, the lower value of E͑p ជ , q ជ͒ rises above 0, indicating that the initial perfectly correlated state Case B. In this case, one of the QDs is sitting very near the node of the electromagnetic ͑EM͒ field mode as discussed above in Sec. II ͑case B͒. The Bell parameter when both QDs are in their ground state can be estimated using Eq. ͑22͒, with d 1 ͑0͒ = 1 and d 2 ͑0͒ =0, d 3 ͑0͒ = 0. In this situation, we do not find a violation of the Bell's inequality for the entire time evolution. This is because the initial state of the system is a product state and one of the QDs sitting on the node does not interact with the EM field mode, implying that the system never goes to the correlated state during its time evolution, and hence no violation of Bell's inequality. On the contrary, when the initial state of the two QDs is a perfectly correlated state, we can estimate the Bell parameter using Eq. ͑22͒ with d 2 ͑0͒ = 1 and
In Fig. 4 , we plot E͑p ជ , q ជ͒ as a function of time. In this figure, curves A, B, C, and D are for W F / g 1 = 0, 0.2, 0.4, and 0.6, respectively. When W F =0 ͑no Förster interaction, curve A͒, there is a violation of Bell's inequality periodically starting with the maximum allowed quantum-mechanical value of E͑p ជ , q ជ͒ and goes to zero as the system evolves in time. This means that the system moves from a maximally correlated state to a product state and back again during its time evolution. The initial correlation of the wave function is maintained over time despite that the second dot is not connected with the field. For nonzero values of W F , the system does start with the maximum value for E͑p ជ , q ជ͒, but the duration as well as cycling time for the violation of Bell's inequality change and depend sensitively on the value of W F . The system does reach the maximum value of E͑p ជ , q ជ͒ at different times and its value in between reduces considerably. However, the system moves to the product state regularly during its time evolution. Case C. In this case, we have completely ignored the Förster interaction energy term between the QDs but retained other terms such as detuning, exciton-phonon interaction, static dipole interaction, etc., as discussed in Sec. II ͑case C͒ above. When both QDs are in their ground states, we use Eq. ͑24͒ ͓with d 1 ͑0͒ = 1 and d 2 ͑0͒ =0, d 3 ͑0͒ =0͔ for calculating the Bell parameter, which assumes the following value:
ͪͯ. ͑32͒
This expression depends on ⌬, ⑀ 12 , and F z through the parameter involved in X. We plot E͑p ជ , q ជ͒ in Fig. 5 under the condition when both QDs are symmetrically situated around the antinode of the electromagnetic field mode, i.e., g 1 = g 2 = g. Curves A, B, C, and D are for = 0, 1.25, 1.75, and 2.25, respectively. The system shows a violation of Bell's inequality but the maximum value of E͑p ជ , q ជ͒ ͑which is 2 ͱ 2 in curve A but smaller in other curves͒, as well as its cycling time period and duration for which Bell's inequality is violated, is dependent on the parameter . When increases, the maximum value of E͑p ជ , q ជ͒, its cycling time, and the duration in which Bell's inequality is violated decrease. During its evolution, this system moves from a product state to a correlated state, which is very clear from curves A, B, C, and D of this Fig. 5 . In an interesting situation when we keep g 1 = g and g 2 = 0, i.e., one of the QDs is sitting at the node of the EM field mode, the system does not show a violation of Bell's inequality because no correlation develops between states of the QDs as one of them is isolated from the field mode. However, we can have another interesting situation in which g 1 = g and g 2 = 0.7g. For this condition, E͑p ជ , q ជ͒ is plotted in Fig. 6 , where curves A, B, C, and D are for = 0, 0.8, 1.5, and 2.0, respectively. The essential difference in this figure and Fig. 5 is that the number of cycles decreases for the violation of Bell's inequality in the same time interval for all the curves. Also, the system never acquires the maximum value ͑2 ͱ 2͒ for E͑p ជ , q ជ͒, which is quantum-mechanically allowed. However, the minimum value for E͑p ជ , q ជ͒ goes to 0 periodically. For the perfectly correlated state of two QDs, the expression of E͑p ជ , q ជ͒ is given by ͓using Eq. ͑24͒, with d 2 ͑0͒ = 1 and 
ͪͪͯ.
͑33͒
The plots of the above expression of E͑p ជ , q ជ͒ ͓Eq. ͑33͔͒ are given in Fig 
IV. ENTANGLEMENT MEASURE
If ͉Ͼ is the state vector of a bipartite system composed of component systems A and B, then the entanglement measure 21, 22 is defined as the von Neumann entropy of two subsystems A and B: E͑͒ =−Tr͑ A log 2 A ͒ =−Tr͑ B log 2 B ͒, in which A ͑ B ͒ is the partial trace of ͉͉͗͘ over subsystem B ͑A͒. The entanglement of mixed state is defined 22 as the average entanglement of the pure state of the decomposition, minimized over all decomposition of : E͑͒ = min͚͑ i p i E͑ i ͒͒. The minimum value specified in this equation can be expressed as an explicit function of known as Wootters' measure, 22 which eventually quantifies the entanglement of the bipartite system. It can be explicitly expressed for the state vector ͉͘ as
where the concurrence C͑͒ is defined as
and the functional form of ͑C͒ is given by
The spin-flipped state is defined as ͉ ͘ = y y ͉ * ͘ ͑ y is Pauli's spin matrix͒, representing the standard time-reversal operation. The function ͑C͒ increases from 0 to 1 as C goes from 0 to 1, so the concurrence can itself be considered as a measure of entanglement. Consequently, one can define the entanglement of the bipartite system of two spin-1 / 2 particles as 
͑38͒
and i are the eigenvalues of the matrix in nonincreasing order. In the following, we concentrate on the study of Wootters' measure ͑C͒ to quantify the entanglement in our study. It is easy to show that for the system under consideration,
The d 2 and d 3 are as defined in Sec. II. Note that ͑C͒, C͑͒, and tangle C͑͒ 2 are equivalent measures of entanglement and are monotonic functions of each other. Next, we discuss how ͑C͒ evolves in time for the three different cases specified in Cases A, B, and C and compare it with the Bell parameter E͑p ជ , q ជ͒.
Case A. In Fig. 9 , we plot ͑C͒ ͑curve A͒ as a function of time when both the dots are situated near the antinode of the cavity and they are in their ground state, i.e., the initial state of the system is a product state. The parameters selected for this purpose are g 1 = g 2 = 1 and a / g 1 = 0.0. For the same parametric condition, we also plot E͑p ជ , q ជ͒ ͑curve B͒ for the sake of comparison. From these two curves, it is quite clear that ͑C͒ and E͑p ជ , q ជ͒ follow each other during their time evolution. In other words, the maximum ͑minimum͒ values of ͑C͒ and E͑p ជ , q ជ͒ are occurring at the same time. Hence, the two quantities specifying the entanglements are in good agreement with each other in their time evolution.
Case B. This is the case when one of the QDs is sitting very near the node of the EM field mode in the cavity, which has been described in Sec. II. We consider the initial state of the two QDs in a perfectly correlated state. Curve A in Fig.  10 represents the time evolution of the entanglement measure ͑C͒ under the conditions g 1 = g 2 = 1 and W F / g 1 = 0.2. Curve B in Fig. 10 describes the evolution of the Bell parameter E͑p ជ , q ជ͒ for the same parametric conditions. In this case also, we find the exact agreement between the time evolution of ͑C͒ and E͑p ជ , q ជ͒. Since the initial state is an entangled state, both ͑C͒ and E͑p ជ , q ជ͒ start with their maximum values ͑which are 1 and 2 ͱ 2, respectively, in this case͒ and then they follow each other in the rest of their time evolution.
Case C. In this case, we neglected the Förster interaction term between the QDs, as described earlier in Sec. II above. Let both QDs be initially in their ground state with g 1 =1, g 2 = 0.7, and / g 1 = 0.8. Figure 11 represents the time evolution of both ͑C͒ and E͑p ជ , q ជ͒ in curves A and B, respectively. Clearly, there is good agreement again in the locations of maxima and/or minima of the two quantities such as the other two cases discussed above.
The entanglement has one of the most amazing applications within the realm of quantum information theory in quantum teleportation, which eventually carries out the transfer of quantum information between different units of a quantum computer. 1, 2 Entanglement is also very important in quantum dense coding and quantum cryptography. 1,2,23 A generic scheme to measure such entanglements could be to perform measurements at different timings on photonic states ͑by partially coupling out the photonic field from the cavity͒ and thus indirectly know about the entangled states of the QDs. This scheme should be applicable in all three cases discussed above.
V. CONCLUSIONS
To create an entangled pair of qubits is critical for quantum information processing using QDs. In this work, we have investigated the effects of strong exciton-phonon interaction and Förster interaction on the evolution of the en- tanglement of coupled QDs in the cavity-QED regime. The inclusion of realistic exciton-phonon interaction contributes to the static dipole-dipole interaction energy. It also modifies the QD-field coupling coefficients and the Förster energy through the Huang-Ryes factor. The Rabi frequency of the system also changes. The generalized Rabi frequency of evolution involves the detuning, Förster interaction, and the static dipole-dipole energy terms. To quantify the evolution of the entanglement in the coupled QDs-field system, we have used violations of the CHSH inequality as a diagnostic tool. We have also calculated Wootters' measure to quantify the entanglement, and its time evolution is found to be in excellent agreement with the time evolution of the Bell parameter. With the increase of parameter containing cavityfield detuning, Förster interaction, static dipole-dipole interaction, and exciton-phonon interaction energies, the violation of Bell's inequality becomes weaker when we start with an initial state as the product state. However, for the practical values of these parameters ͑and at temperatures below 50 K for InGaAs QDs͒, we can still have a violation of Bell's inequality at certain times, 18 meaning that the system does maintain entanglement during its time evolution despite these interactions, and hence such semiconductor nanostructure devices can be used for quantum information processing, quantum communications, and quantum cryptography purposes. 23 
